A new type of quantum master equation is presented which is expressed in terms of a recently introduced quantum antibracket. The equation involves only two operators: an extended nilpotent BFV-BRST charge and an extended ghost charge. It determines generalized quantum Maurer-Cartan equations for arbitrary open groups. These groups are the integration of constraints in arbitrary involutions. The only condition for this is that the constraint operators may be embedded in an odd nilpotent operator, the BFV-BRST charge.
1 Introduction.
In [1] we have introduced quantum antibrackets. They are new objects which cast new light on the BV-quantization of arbitrary gauge theories. Here we show that they are also useful in a more general context. In terms of the quantum antibracket we give a new simple quantum master equation which encodes the Maurer-Cartan equations and their generalizations to open groups whose generators are in arbitrary involutions. The equation involves only two operators: an extended nilpotent BFV-BRST charge and an extended ghost charge. The construction is thus embedded in a general BRST framework which should make the formulas useful for general gauge theories.
In section 2 we review the BFV-treatment of constraints in arbitrary involutions, and in section 3 we present the new master equation for generalized quantum Maurer-Cartan equations. In section 4 we treat quasigroup theories in detail, and in section 5 the formalism is used to generalize the generating operator for quantum antibrackets given in [1] to operators in arbitrary involutions.
Constraints in arbitrary involutions.
Consider classical, real constraints θ a on a symplectic manifold. Their Grassmann parities are ε(θ a ) ≡ ε a (= 0, 1). θ a are assumed to be in arbitrary involutions with respect to the Poisson bracket, i.e.
where the structure coefficients U c ab may be arbitrary functions on the considered symplectic manifold. It is well-known that this algebra always may be embedded in one single real, odd function Ω on a ghost extended manifold in such a way that {Ω, Ω} = 0 in terms of the extended Poisson bracket. Ω is the BFV-BRST charge [2] . The corresponding quantum theory is consistent if the corresponding odd, hermitian operator Ω is nilpotent, i.e. Ω 2 = 0. For finite number of degrees of freedom such a solution always exists and is of the form [3] (N is the rank of the theory and θ a are the hermitian constraint operators)
where we have introduced the ghost operators C a , P a , ε(C a ) = ε a + 1, satisfying
In (3) the ghost operators are Weyl ordered which means that Ω i are all hermitian. One may notice that Ω in (2) has ghost number one, i.e.
where G is the ghost charge. Ω determines the precise form of the quantum counterpart of the algebra (1) . A convenient form of this algebra is obtained if we rewrite Ω in the following CP-ordered form [3] 
The nilpotency of Ω requires then the algebra
where the structure operators U ′ c ab are given by
In terms of the coefficient operators in (3) Ω ′ c ab and θ ′ a are given by
which shows that θ ′ a in general are different from θ a and in general not even hermitian. However, the main point here is that Ω through e.g. (7) represents the quantum counterpart of (1).
3 Quantum master equation and generalized Maurer-Cartan equations.
We want now to integrate the quantum involution (1) encoded in Ω as represented by e.g.
. We consider then Lie equations
where ∂ a is a derivative with respect to the parameter φ a , ε(φ a ) = ε a . Y a is an operator which depends on φ a . The integrability conditions are
which in turn are integrable. The Lie equations (10) are connected to the integration of the quantum involution (1) if Y a (φ) is of the form
where λ b a (φ) are operators in general. In order to specify Y a more precisely we demand that BRST invariant operators remain BRST invariant when satisfying (10). This requires the connections Y a to be BRST invariant, i.e.
[Ω, Y a (φ)] = 0.
This condition we solve by the ansatz
which then defines Y a once we know Ω a . Comparison between (2), (3) and (12) implies that Ω a must be of the form
The integrability condition (11) for Y a takes the following form in terms of Ω a
where we have introduced the quantum antibracket defined in accordance with [1] , i.e.
It satisfies all properties of an antibracket if A and B commute, or for more general A's and B's under certain conditions [1] . Due to (15), eq.(16) are generalized Maurer-Cartan equations for λ b a (φ). It is clear that the integrability conditions of (16) lead to first order equations of Ω ab etc. What is amazing is that (16) together with all its integrability conditions seem to be possible to embed in one single quantum master equation which involves only two operators. The first operator is an extended nilpotent BFV-BRST charge involving the conjugate momenta π a to φ a , now turned into operators, and new ghost variables η a , ε(η a ) = ε a + 1, to be treated as parameters. It is
The second operator in the master equation is an even operator S(φ, η) defined by
where G is the ghost charge operator in (5). The operators Ω a 1 ···an (φ) are to be identified with Ω a , Ω ab in (16) and all the Ω's in their integrability conditions. They satisfy the properties
The last relation implies that Ω a 1 ···an has ghost number minus n. If we assign ghost number one to η a then ∆ has ghost number one and S has ghost number zero. The operators Ω a 1 ···an (φ) are determined by the following quantum master equation
where the quantum antibracket is defined in accordance with (17). Consistency requires that [∆, S] is nilpotent since
The explicit form of [S, ∆] to the lowest orders in η a is
To zeroth and first order in η a the master equation (21) is satisfied identically. However, to second order in η a it yields exactly (16). At third order in η a it yields
where we have introduced a higher quantum antibracket defined by (this expression may be obtained from appendix B in [1] )
where the quantum antibracket on the right-hand side is given by (17). It satisfies Leibniz' rule if (17) does. The quantum antibracket (17) satisfies the Jacobi identities only if (A, B, C) Q = 0 since we have
(cf. eq.(36) in [1] ).
The equations in (24) are indeed integrability conditions of (16) which may be checked by direct calculations. One may notice that the consistency condition (22) yields (11) to second order in η a , which is consistent with (16). At third order in η a it yields a condition which is consistent with (24). The master equation (21) yields at higher orders in η a equations involving still higher quantum Ω-antibrackets defined in terms of lower antibrackets like in (25), and operators Ω abc... with still more indices. We expect them to coincide with the integrability conditions of (24). This chain of equations terminates as soon as a higher antibracket is zero. For instance, if this happens at a certain level k, i.e. Ω a 1 a 2 a 3 ···a k = 0, then Ω a 1 a 2 a 3 ···an = 0 for n ≥ k and it is consistent to choose Ω a 1 a 2 a 3 ···am = 0 for m ≥ k − 1. As a consequence all equations at powers η n , n ≥ k, following from (21) vanish identically. We expect the level k to be connected to the rank N of the theory, and N = k − 2 seems natural (see next section).
4 Example: Quasigroup first rank theories.
As an illustration of our formulas we consider now constraint operators θ a forming a rank one theory in which case we have
The nilpotence of Ω requires (7) and
and in addition also restrictions on the commutators [U c ab , U
which corresponds to quasigroups [4] . In this case Ω a may be chosen to be
where we assume that
The quantum antibracket (17) is then given by
If we also require 
Eq.(16) may now be written as
Eq.(33) and Ω ab = 0 make all higher integrability conditions identically zero. One may note that
5 Application: Generating operators for quantum antibrackets.
In [1] it was shown that quantum antibrackets for commuting operators or operators satisfying a nonabelian Lie algebra may be derived from a generating operator Q(φ). Here we generalize this construction to operators in arbitrary involutions. In distinction to the case in [1] we define here the generalized generating operator Q(φ) by equation (10), i.e.
with the boundary condition
Since (37) implies
the boundary condition (38) implies Q(φ) 2 = 0 which shows that Q → Q(φ) is a unitary transformation.
Following ref. [1] we define generalized quantum antibrackets in terms of Q(φ) according to the formula
In particular we have then (At φ a = 0 we have Y a (0) = θ a +{possible ghost dependent terms}.)
where we have made use of (10). The third line, which makes (41) to differ from (17), is the price of a reparametrization independent extension of the definition (17) onto the space of parameters φ a . The reason for this is that (41) is a second derivative of a scalar, which is not a tensor. Thus only within a preferred coordinate frame and at least at a fixed value of the parameters φ a can one expect the formula (41) to reproduce the original antibracket (17). A similar situation is naturally expected to occur for (25) and all higher antibrackets as well. We also expect the canonical coordinates which are well known in Lie group theory, to be preferred ones also in the general case, so that all antibrackets would be reproduced in these coordinates at φ a = 0.
To illustrate the situation with the extension of the 3-antibracket, we give the following explicit formula 
Obviously theh-deviation from (25) vanishes together with the one for the 2-antibracket in (41). However, the vanishing of theh 2 -deviation imposes a new condition. In the corresponding φ-extended n-antibrackets obtained from (40) we expect to have deviations involving up to n − 2 cyclically symmetrized derivatives of the 2-antibracket deviation which in terms of canonically coordinates should vanish at φ a = 0. The φ-extended nantibrackets will then exactly reproduce the original n-antibrackets at φ a = 0. 
